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ABSTRACT
With the goal of providing more accurate and realistic estimates of the secular behavior of the mass accretion
and drag rates in the “common-envelope” scenario encountered when a black hole or a neutron star moves
in the stellar envelope of a red supergiant star, we have carried out the first general relativistic simulations of
the accretion flow onto a nonrotating black hole moving supersonically in a medium with regular but differ-
ent density gradients. The simulations reveal that the supersonic motion always rapidly reaches a stationary
state and it produces a shock cone in the downstream part of the flow. In the absence of density gradients we
recover the phenomenology already observed in the well-known Bondi–Hoyle–Lyttleton accretion problem,
with super-Eddington mass accretion rate and a shock cone whose axis is stably aligned with the direction of
motion. However, as the density gradient is made stronger, the accretion rate also increases and the shock
cone is progressively and stably dragged toward the direction of motion. With sufficiently large gradients, the
shock-cone axis can become orthogonal to the direction, or even move in the upstream region of the flow in the
case of the largest density gradient. Together with the phenomenological aspects of the accretion flow, we have
also quantified the rates of accretion of mass and momentum onto the black hole. Simple analytic expressions
have been found for the rates of accretion of mass, momentum, drag force, and bremsstrahlung luminosity,
all of which have been employed in the astrophysical modelling of the secular evolution of a binary system
experiencing a common-envelope evolution. We have also compared our results with those of previous studies
in Newtonian gravity, finding similar phenomenology and rates for motion in a uniform medium. However,
differences develop for nonzero density gradients, with the general relativistic rates increasing almost expo-
nentially with the density gradients, while the opposite is true for the Newtonian rates. Finally, the evidence
that mass accretion rates well above the Eddington limit can be achieved in the presence of nonuniform media,
increases the chances of observing this process also in binary systems of stellar-mass black holes.
1. INTRODUCTION
The gravitational-wave detections recently made by the
LIGO and Virgo Collaborations have provided the long-
sought observational confirmation of the existence of binary
black hole systems (Abbott et al. 2016b,a; The LIGO Scien-
tific Collaboration et al. 2017a,b). In addition, and more re-
cently, the gravitational-wave emission from a merging binary
system of neutron stars has been detected for the first time
(GW170817; The LIGO Scientific Collaboration & The Virgo
Collaboration 2017), confirming many of the theoretical ex-
pectations behind the properties of these mergers (see Baiotti
& Rezzolla 2017; Paschalidis et al. 2017, for recent reviews).
In addition, great expectations are in place that a binary sys-
tem comprising a black hole and a neutron star (Shibata &
Taniguchi 2011) will be detected as the detectors resume data
collection after their upgrades.
The long history of all of these compact-object binaries
is characterized by a stage, the "common-envelope” evolu-
tion, which has been the focus of a lot of attention in the
more remote and recent past (see, e.g., Livio & Soker 1988;
Taam & Sandquist 2000; Taam & Ricker 2010; Ivanova et al.
2013b; MacLeod & Ramirez-Ruiz 2015a; Murguia-Berthier
et al. 2017). Despite the large bulk of work made to describe
this phase of the evolution of the binary system, the quantita-
tive aspects of the secular evolution are far from being clear.
Among the aspects that are clear of this picture is that
common-envelope evolution could involve two different sce-
narios of compact binaries. The first one comprises a red gi-
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ant or supergiant star of mass ' 15 − 20M and radius of
∼ 1000R containing at its core a neutron star with mass
1.3− 2.2M (Margalit & Metzger 2017; Shibata et al. 2017;
Rezzolla et al. 2018; Ruiz et al. 2018) and radius ∼ 10 km
(Annala et al. 2018; Most et al. 2018); this is also known as a
"Thorne–Zytkow object” (Thorne & Zytkow 1975; Hutiluke-
jiang et al. 2018), where the astronomical object HV-2112
represents a possible candidate (Levesque et al. 2014; Mac-
carone & de Mink 2016). The second possibility is instead
represented by a binary where the compact object is replaced
by a stellar-mass black hole as illustrated in the cartoon in Fig.
1.
In both cases, the lifetime of the common-envelope phase
is rather brief and less than 300 yr, during which the orbital
separation between the two components of the binary reduces
by factor of ∼ 100. This result was first pointed out in the
pioneering work of Sparks & Stecher (1974) and Paczyn-
ski (1976), who showed through analytical estimates that the
common-envelope phase is responsible for the reduction of
the orbital period of the binary system via the loss of mass and
orbital angular momentum in the binary, which transforms the
orbital energy of the binary into kinetic energy of the matter
in the envelope, which is heated and gains angular momen-
tum (Paczynski 1976; Livio & Soker 1988; Taam & Ricker
2010); this reduction of the orbit can then lead to the merger
of the binary system or to the production of a very tight binary
(Ivanova et al. 2013b). Furthermore, the common-envelope
dynamics is thought to be responsible for some of the phe-
nomenology observed in X-ray binaries, close binary systems,
and progenitors of gamma-ray bursts and even of Type IIP su-
pernovae, as suggested by Ivanova et al. (2013a).
Given the difficulties in modeling the nonlinear processes
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2FIG. 1.— Schematic diagram – not to scale – of the system being simulated:
a black hole moves supersonically in the envelope of a supergiant red star,
producing a shock cone in the downstream region of the flow. In doing so, it
encounters a density gradient described with the dimensionless parameter ρ.
The modifications of the trajectory can be measured through the deviation of
the angle of the shock cone with respect to the upstream flow.
that take place during the common-envelope evolution, over
the years several numerical simulations have been performed,
either in one spatial dimension (1D; Taam et al. 1978; Meyer
& Meyer-Hofmeister 1979; Delgado 1980; Podsiadlowski
2001; Ivanova et al. 2015; Clayton et al. 2017), in two di-
mensions (2D; Bodenheimer & Taam 1984; Armitage & Livio
2000; Blondin & Pope 2009; Blondin 2013), and in three
dimensions (3D; Ricker & Taam 2012; Nandez et al. 2015;
MacLeod & Ramirez-Ruiz 2015a; Ohlmann et al. 2016; Staff
et al. 2016; Nandez & Ivanova 2016; Iaconi et al. 2017;
Murguia-Berthier et al. 2017). Overall, this bulk of rather di-
verse simulations has been able to cover binary systems where
the compact object is either a white dwarf, a neutron star or a
black hole (see, e.g., MacLeod & Ramirez-Ruiz 2015a).
A common feature of all of these simulations is that they
have been performed within a Newtonian description of grav-
ity. While this may be a reasonable approximation near the
central regions of the red supergiant and possibly in the case
of a white dwarf, it certainly ceases to be so near the compact
object, be it a neutron star or a black hole, and where general
relativistic corrections can be considerable. We here present
results from the first general relativistic simulations of the
common-envelope evolution of a system composed of a red
supergiant star interacting with a stellar-mass Schwarzschild
black hole; such a system could represent, for instance, the
progenitor of the X-ray binary system Cygnus X-3 (Postnov
& Yungelson 2014).
For simplicity, and as a first step in a series of investiga-
tions of this process, we here consider the black hole to be a
nonrotating (i.e., a Schwarzschild) solution and carry out our
simulations in a 2D cut, which is representative of the accre-
tion flow on the equatorial plane. In doing so, we consider the
matter in the flow to be a "test matter", hence following the
background spacetime geometry of the black hole only; in this
way we explicitly neglect the curvature induced by the super-
giant stellar core3. We also provide analytic expressions for
the mass and angular momentum accretion rates and for the
angle of the deviation of the shock cone due to drag forces as a
function of the density gradient and other reference quantities
of the system. Such expressions can represent useful inputs
in the phenomenological modeling of the common-envelope
evolution.
The plan of the paper is as follows: In Sec. 2 we de-
scribe the metric of Schwarzschild spacetime in spherical co-
ordinates written in 3+1 decomposition, the relativistic hydro-
dynamic equations, and the computational infrastructure em-
ployed in their numerical solution via the CAFE code. We also
describe the characteristics of the common-envelope scenario
we are investigating, the construction of the initial data con-
figurations, and the boundary conditions adopted to guarantee
a stationary solution. In Sec. 3 we report our results show-
ing the morphology of the fluid dynamics, the rates of accre-
tion of rest mass and angular momentum, and other related
quantities, such as the angle of deviation of the shock cone
and the produced bremsstrahlung luminosity. In Sec. 4 we
summarize our conclusions and the prospects for future work.
Two appendices complement the main text and provide sup-
plemental information. In Appendix A, we calculate the in-
spiral timescales as derived from our measured accretion rates
and explore how the accretion rates are modified by a differ-
ent prescription for the initial data. In Appendix B, on the
other hand, we present convergence tests and a comparison
of numerical outcomes from two numerical codes. Hereafter,
we will adopt the Einstein convention on sums over repeated
indices and use geometrized units where G = c = 1.
2. MATHEMATICAL AND NUMERICAL SETUP
2.1. General relativistic hydrodynamics
The simulations carried out involve the solution of the equa-
tions of relativistic hydrodynamics in which the matter is con-
sidered to behave as a test fluid in the curved spacetime of the
astrophysical compact object and thus not to affect it (Rez-
zolla & Zanotti 2013). For simplicity, and to build up our
physical understanding of the relativistic corrections encoun-
tered when studying the evolution of the common-envelope
phase in a general relativistic framework, we here consider the
background spacetime to be that of a nonrotating black hole
of mass M , described therefore by the Schwarzschild metric.
For the latter and for its convenience in numerical implemen-
tation, we use horizon-penetrating Eddington–Finkelstein co-
ordinates in a 3+1 decomposition where the line element of
the spacetime is expressed as
ds2 = −(α2 − βiβi)dt2 + 2βidxidt+ γijdxidxj , (1)
where βi is the shift vector, α is the lapse function, and γij are
the components of the spatial three-metric (Alcubierre 2008;
Rezzolla & Zanotti 2013). More specifically, the explicit ex-
pressions for these functions are given by
α=
(
1 +
2M
r
)−1/2
, (2)
βi=
(
2M
r(1 + 2M/r)
, 0, 0
)
, (3)
3 In this respect, 3D Newtonian simulations have the advantage of being
able to consistently include the core-companion gravity and provide a more
consistent evolution of the density profile as the black hole inspirals toward
the stellar core (Ivanova et al. 2013b).
3and
γij =
1 + 2M/r 0 00 r2 0
0 0 r2 sin2 θ
 . (4)
Given a generic curved spacetime with associated four-
metric gµν , e.g., equations (2)–(4), and with associated co-
variant derivative ∇µ, the equations of relativistic hydrody-
namics can be written as simple conservation laws of the
energy-momentum tensor Tµν and of the rest-mass current
Jµ (Rezzolla & Zanotti 2013),
∇µ(Tµν) = 0 , (5)
∇µ(Jµ) = ∇µ(ρuµ) = 0 . (6)
Assuming the fluid to be a perfect one, the corresponding
energy-momentum tensor is given by
Tµν = ρhuµuν + pgµν , (7)
where ρ is the rest-mass density of a fluid element; uµ is the
four-velocity of the fluid; h = 1 + + p/ρ is the specific en-
thalpy, with  the specific internal energy; and p the pressure.
The set of relativistic hydrodynamic equations is then
closed by an equation of state relating the pressure to other
thermodynamics quantities in the fluid. As customary in the
calculations of this type, we here assume the equation of state
to be that of an ideal fluid, where
p = ρ(Γ− 1) , (8)
where Γ is the adiabatic index, for which we explore the two
limits of Γ = 5/3 and Γ = 4/3, corresponding to the prop-
erties of a cold degenerate electron fluid and a completely de-
generate ultrarelativistic electron fluid, respectively (Rezzolla
& Zanotti 2013).
2.2. Numerical Methods
For the numerical solution of relativistic hydrodynamic
equations we employ a conservative formulation, also known
as the Valencia formulation (Banyuls et al. 1997), through
which a number of important mathematical properties of the
set of hyperbolic equations are preserved (Rezzolla & Zanotti
2013). In our 2D system of spherical azimuthal coordinates
representing the orbital (or equatorial) plane of the common-
envelope scenario, the relativistic hydrodynamic equations in
the Valencia formulation take the form
∂tU + ∂rF
r + ∂φF
φ = S − 1
2
∂r log(γ)F
r , (9)
where γ = det(γij) is the determinant of the spatial three-
metric and U := (D,Sr, Sφ, τ) is the vector of the “con-
served” variables
U := (D,Sr, Sφ, τ)
=
(
ρW, ρhW 2vr, ρhW
2vφ, ρhW
2 − p−D) , (10)
which depend on the primitive variables with vector P =
(ρ, vi, p, ). The vectors F r and F φ contain instead the
“fluxes” along the r and φ spatial coordinates
F r =α (Dvr, Srv
r + p , Sφv
r, (τ + p)vr) , (11)
F φ=α
(
Dvφ, Srv
φ, Sφv
φ + p, (τ + p)vφ
)
, (12)
while S is the source vector and has explicit components
given by
S=α
(
0,
1
2
Tµν∂rgµν ,
1
2
Tµν∂φgµν , T
µt∂µα− TµνΓtµνα
)
.
(13)
Here Γαµµ are the Christoffel symbols, W := αu
0 is the
Lorentz factor, where vi and vi = γijvj are the compo-
nents of the spatial three-velocity of the fluid measured by
a (normal) Eulerian observer. These three-velocities are re-
lated to the spatial components of the four-velocity by vi =
ui/W + βi/α.
The relativistic hydrodynamic equations are solved numeri-
cally using high-resolution shock-capturing methods (HRSC;
Rezzolla & Zanotti 2013) and, in particular, the Harten, Lax,
van Leer, and Einfeldt (HLLE) approximate Riemann solver
(Harten et al. 1983; Einfeldt et al. 1991) combined with the
"minmod” second-order total variation diminishing (TVD) re-
construction approach at cell interfaces (see Keppens et al.
2012; Porth et al. 2017, for more details). The time evo-
lution of the set of partial differential equations is realized
via a method-of-lines approach and a third-order Runge-Kutta
scheme, which guarantees the TVD property (Shu & Osher
1988).
As mentioned above, the numerical code employed for the
numerical solution is the CAFE code, which has been de-
veloped to solve the equations of relativistic hydrodynamics
in 2D slab symmetry (Cruz-Osorio et al. 2012; Lora-Clavijo
et al. 2015b; Cruz-Osorio & Lora-Clavijo 2016), 2D axial
symmetry (Lora-Clavijo & Guzmán 2013), and magnetohy-
drodynamics (MHD) in 3D (Lora-Clavijo et al. 2015a). The
numerical grid employs radial and azimuthal coordinates and
is uniformly spaced with Nr ×Nφ = 2000 × 256 cells. The
radial grid, in particular, extends from rexc to rmax, where
rexc is the excision radius that is located inside the event hori-
zon, i.e., at rexc = 1.5M (∼ 8.9 km) and rmax = 10 racc ∼
(1190 km) is expressed in terms of the accretion radius, racc,
whose definition is discussed below; the angular coordinate,
φ, on the other hand, spans the full internal φ ∈ [0, 2pi]. The
effective resolution (∆r,∆φ) = (0.1M, 0.0386 rad) in ge-
ometrized units, or, equivalently, ∆r ∼ 0.6 km. Finally, the
timestep size is constant and satisfies the Courant-Friedrich-
Lewy (CFL) stability condition, with ∆t = 14 min(∆r,∆φ).
2.3. Common-envelope setup
In our modeling, we assume that the common-envelope
phase takes place in a binary system composed of a stellar-
mass black hole with mass M and a more massive red super-
giant with mass Mstar and radius Rstar. This scenario could
occur either after the collapse of a neutron star to a black hole
in a binary system initially containing a red supergiant and a
neutron star or in a binary system with a red supergiant and
a massive star that collapse directly to a black hole (Postnov
& Yungelson 2014; MacLeod & Ramirez-Ruiz 2015a). As-
suming furthermore that the binary is in a quasi-circular orbit
with radiusR, the black hole will have a Newtonian linear ve-
locity that can be easily estimated from the Keplerian motion
to be vCE = (m(R) + M)/R, where m(R) is the mass en-
closed in a sphere with radius R, the latter being necessarily
R < Rstar within the common-envelope phase. Because it is
numerically convenient to place the black hole at the center
of our coordinate system and to consider therefore the rela-
tive motion of the stellar envelope, we can reverse the ref-
4erence systems and thus take the asymptotic velocity of the
fluid v∞ as vCE = v∞. We note that, strictly speaking, the
Keplerian velocity at these separations isO(102− 103) km/s
giving velocities O(10−3 − 10−4) c, in geometrical units and
thus too small to be used in numerical simulations4. How-
ever, as long as the proper Mach number is chosen for the
simulations (i.e., M = 1 − 5 for typical common-envelope
scenarios; MacLeod et al. 2017), it is possible to perform sim-
ulations with effectively larger velocities (i.e., O(104) km/s
in our case) and then rescale all the results to smaller initial
velocities through scaling relations (see Equations (26) and
(27) and discussion in Sec. 3.2 and Appendix A.2). A very
similar approach has already been employed by MacLeod &
Ramirez-Ruiz (2015a) and MacLeod et al. (2017), who have
used v∞ = 1 in a fully Newtonian context.
Also for the rest-mass density distribution, we make the
rather simplified but reasonable assumption that it is given
by a constant-density core of density ρ¯ and that then falls ex-
ponentially up to the surface. Assuming a coordinate system
with origin in the center on the star, we thus express the rest-
mass density as5
ρ(r) =
{
ρ¯ = const. for 0 < r < r¯
ρ0 exp [−ρ(r − r0)/racc] , for r¯ ≤ r ≤ Rstar
(14)
where r0 > r¯ is the radial position of the black hole within the
common envelope (see below) and ρ0 is the rest-mass density
at that position (i.e., ρ0 := ρ(r = r0)); clearly, from expres-
sion (14) it follows that ρ¯ := ρ(r = r¯) > ρ0. Note also that
we have introduced the "accretion radius”, racc, which repre-
sents the length scale over which the gravitational effects of
the compact object dominate over the dynamics of the fluid,
and which naturally appears when considering the problem of
accretion onto a compact object moving in a medium, i.e., a
Bondi–Hoyle–Lyttleton accretion (Hoyle & Lyttleton 1939;
Bondi & Hoyle 1944; Rezzolla & Zanotti 2013). Its defini-
tion is therefore
racc :=
M
c2s,∞ + v2∞
=
M
c2s,∞(1 +M2∞)
, (15)
and thus in terms of the asymptotic value of Newtonian Mach
number M∞ := v∞/cs,∞, where cs,∞ is the asymptotic
sound speed. As will become clearer when we introduce the
reference mass accretion rate (see Equation (21)), the accre-
tion radius (15) plays a fundamental role in establishing what
is the amount of matter that is accreted onto the black hole.
More importantly, the accretion radius (and hence the mass
accretion rate) depends not only on the asymptotic velocity
v∞, but also on the asymptotic sound speed cs,∞.
Arguably, among the most important quantity in the de-
scription of the common-envelope evolution is the strength
of the density gradient that the compact object experiences as
it moves in the stellar envelope. A convenient way to express
this contrast is to normalize the rest-mass density scale height
4 A small initial asymptotic velocity will lead to a very large accretion
radius (see Equation (15) for a definition) and hence to even larger compu-
tational domains since the latter have to cover length scales that are tens of
accretion radii.
5 Note that the density profile given by expression (14) is the result of the
integration of Eq. (17) defined below (see MacLeod & Ramirez-Ruiz 2015a,
for more details).
Lρ := − ρ
dρ/dr
, (16)
with the other characteristic length scale of the problem,
namely, the accretion radius, to obtain the “dimensionless ac-
cretion radius”
ρ := −racc dρ/dr
ρ
=
racc
Lρ . (17)
In practice, ρ is here treated as a free parameter, and in the
simulations we have explored various values, which are sum-
marized in Tab. 1.
2.4. Initial and boundary conditions
For the initial stellar model we follow the prescription pre-
sented by MacLeod & Ramirez-Ruiz (2015a), thus assuming
a binary system composed of a red supergiant star with mass
Mstar = 16M and a stellar-mass black hole with mass
M = 4M, so that the corresponding mass ratio in the bi-
nary is q := M/Mstar = 0.25. The black hole is placed
at r0 = Rstar/2 ' 400R ' 2.78 × 108 km and the rest-
mass density there is assumed to be ρ(r0) =: ρ0 = ρ∞ '
9.51 × 10−9 g/cm3. With such a value and an intermediate
value for the density gradient ρ = 0.5, the integration of the
rest-mass density (14) yields a supergiant star with 16 M.
For such a system, the merger timescale is given by (Faber
& Rasio 2012)
τmerg = 2.2×108 1
4q(1 + q)
(
a
R
)4(
Mstar
1.4M
)−3
yr ,
(18)
and because our simulations are carried out over a timescale
of τsim ' 20000M ∼ 0.1 sec, it is perfectly reasonable to
assume that the density profile does not to change over the
time of the simulations.
In the reference frame where the black hole is at rest, the
common-envelope material is seen moving moving at a con-
stant velocity that is uniform within the computational do-
main and set assuming that the sound speed of the fluid is
cs,∞ = 0.1 and that the fluid is supersonic with Mach num-
ber M∞ = 2 (as a result, the asymptotic fluid velocity is
v∞ = 0.2).
After mapping the spherical polar coordinate system (r, φ)
to a Cartesian (x, y) system where the stellar center is at the
position (x0, y0) (see Cruz-Osorio et al. 2012, for more details
on the mapping), the common envelope is taken to be mov-
ing in the positive x-direction, i.e., vx = v∞, and the matter
is taken to have a rest-mass gradient only in the y-direction
(see Equation (14))6. As a result, the initial rest-mass den-
sity profile is set to be ρin := ρ(y) = ρ0 exp [−ρy/racc],
where y ∈ [−r¯, r¯], and we set the edge of our numerical grid
to coincide with the edge of the constant-density stellar core,
i.e., rmax = r¯ = 10 racc. The resulting accretion radius after
substituting the asymptotic sound speed and the asymptotic
velocity in Eq. (15) is racc = 20M ∼ 119 km.
6 A black hole moving along a quasi-circular orbit across a density distri-
bution that is spherically symmetric with respect to the center of the orbit will
experience a density gradient only in the direction orthogonal to the direction
of motion. Given the small size of the region we are simulating, the circular
motion is essentially linear and taken to be along the x-direction, so that the
gradient is only in the y-direction.
5TABLE 1
SUMMARY OF THE MODELS CONSIDERED, ALL OF WHICH REFER TO A
SCHWARZSCHILD BLACK HOLE, HAVE A FIXED SOUND SPEED OF
cs,∞ = 0.1, AND AN ASYMPTOTIC MACH NUMBERM∞ = 2,
CORRESPONDING TO AN ASYMPTOTIC VELOCITY v∞ = 0.2; THIS
CHOICE FIXES THE ACCRETION RADIUS racc (IN MASS UNITS AND IN
KILOMETERS) TO THE VALUE REPORTED IN THE FOURTH COLUMN.
HENCE, THE PARAMETERS VARIED ARE THE VALUES OF THE ADIABATIC
INDEX Γ AND OF THE REST-MASS DENSITY RELATIVE SCALE HEIGHT ρ .
FINALLY, SHOWN IN THE LAST COLUMN IS THE RESOLUTION IN THE
RADIAL DIRECTION ∆r.
Model ρ Γ racc[M (km)] ∆r[M (km)]
RCE.0.0.5o3 0.0 5/3 20 (119) 0.1 (0.6)
RCE.0.1.5o3 0.1 5/3 20 (119) 0.1 (0.6)
RCE.0.3.5o3 0.3 5/3 20 (119) 0.1 (0.6)
RCE.0.5.5o3 0.5 5/3 20 (119) 0.1 (0.6)
RCE.0.7.5o3 0.7 5/3 20 (119) 0.1 (0.6)
RCE.1.0.5o3 1.0 5/3 20 (119) 0.1 (0.6)
RCE.0.0.4o3 0.0 4/3 20 (119) 0.1 (0.6)
RCE.0.1.4o3 0.1 4/3 20 (119) 0.1 (0.6)
RCE.0.3.4o3 0.3 4/3 20 (119) 0.1 (0.6)
RCE.0.5.4o3 0.5 4/3 20 (119) 0.1 (0.6)
RCE.0.7.4o3 0.7 4/3 20 (119) 0.1 (0.6)
RCE.1.0.4o3 1.0 4/3 20 (119) 0.1 (0.6)
Once a choice is made for the initial rest-mass density dis-
tribution and the equation of state has been fixed to be that of
an ideal fluid, the initial pressure is determined by the defini-
tion of the sound speed as
pin = c
2
s,∞
Γ− 1
Γ(Γ− 1)− c2s,∞Γ
ρin , (19)
where we have made use of the fact that initially the fluid is
isentropic and hence it can also be described by a polytropic
equation of state (Cruz-Osorio et al. 2012).
The initial distributions of the rest-mass density of the
common envelope are plotted in Fig. 2, from right to left
ρ = 0.0, 0.5 and 1.0, which can be interpreted as different
stages of the common-envelope evolution. More specifically,
as the distance between the black hole and the center of the
supergiant decreases, the density gradients increase, thus go-
ing from ρ ∼ 0.0 to ρ ∼ 1.0, where the differences in the
density at y-axis are ∆ρ = 0 to ∆ρ = 108, respectively, while
the streamlines (depicted with white lines) show a uniform ve-
locity in the x-direction.
Finally, when discussing the boundary conditions, we recall
that the inner boundary rexc is always situated inside the event
horizon, where we apply an inward extrapolation of the con-
servative variables in the state vector U . On the other hand,
on the external boundary at rmax we impose a steady inflow
of matter having the same properties in terms of density, pres-
sure, and velocity given by the initial conditions, assuming
an inflow in the upstream part of the computational domain,
i.e., for pi/2 < φ < 3pi/2, and an outflow in the downstream
part, i.e., for −pi/2 < φ < pi/2. Finally, we impose simple
periodic boundary conditions in the φ-direction.
3. RESULTS
3.1. Morphology of the accreting plasma
The morphology of the evolved common envelope as
sketched in the cartoon in Fig. 1 – black hole moving per-
pendicular to the direction of the gradient – is shown in Fig.
3, where we report, for the Γ = 4/3 case, the different panels:
the rest-mass density (left panel), the temperature (left panel),
and the Mach number M := Wv/Wscs, where Ws is the
Lorentz factor of the sound speed (right panel). The snapshots
refer to t ∼ 5000M ∼ 0.1 s, which is obviously much shorter
than the typical evolution timescale of a common-envelope
scenario. On the other hand, this time corresponds to ∼ 50
crossing times7, when the gas has reached a steady state and
serves therefore as a useful reference for the stationary dy-
namics of the system. More specifically, the different rows of
Fig. 3 refer to different values of the dimensionless density
gradient, i.e., ρ = 0, 0.5 and 1.0 from top to bottom, where
the case with ρ = 0 corresponds to a constant rest-mass den-
sity profile. A magnified view of the same panels is offered in
Fig. 4 and helps us appreciate the dynamics of the flow in the
vicinity of the black hole.
The temperature in the central column of Figs. 3 to 5 was
computed using the definition from (Zanotti et al. 2010),
T = 1.088× 1013
(
p
ρ
)
K , (20)
where the numerical factor comes from the transformation
from geometric units to Kelvin.
We start by considering the behaviour of the accretion of a
fluid with Γ = 4/3 as reported in Figs. 3 and 4. The dynamics
observed in the case of the motion across a constant-density
cloud reproduces well the behavior observed in simulations
of Bondi–Hoyle accretion, where the shock cone in the wake
of the black hole is stable and symmetric with respect to the
to direction of motion, i.e., the x-axis in this case (see, e.g.,
Font et al. 1999; Dönmez et al. 2011; Cruz-Osorio et al. 2012;
Lora-Clavijo et al. 2015b) . This is highlighted in Figs. 3 and
4 by the streamlines of the flow (white lines) and by the mod-
erate compression in the matter density around the black hole,
which shows an increase of less than two orders of magnitude
in the rest-mass density.
On the other hand, the dynamics produced in models
RCE.0.5* and RCE.1.0* shows that, once formed, the
shock cone is stationary but tends to be directed along the
direction of the gradient in the rest-mass density, and hence
pointing away from the region of high density in the cloud,
namely, the center of the red supergiant. Note, however, that
as the dimensionless accretion radius is increased, the den-
sity profile along the direction of motion of the black hole de-
velops an asymmetry, with a low-density region ahead of the
black hole and a corresponding high-density region behind.
As a result, the shock cone – which is aligned along the direc-
tion of motion (i.e., the horizontal direction in our setup) for
a uniform medium – is now dragged by the density gradient
and tends to align with it for ρ = 0.5.
This is shown in the left panels of Figs. 3 and 4, both of
which refer to the case with Γ = 4/3 and show different
scales of the computational domain. In these figures, from
top to bottom, the gradual increase in the density gradient –
which can be taken to mimic the motion of the black hole as
it gets closer to the core of the red supergiant – leads to an in-
creasingly large angle with respect to the direction of motion
(see the diagram in Fig. 1), which can be larger than pi/2 for
the case of the largest value of the initial gradient ρ = 1.0
(bottom row). Interestingly, in the latter case, most of the mo-
tion downstream of the black hole is actually away from the
core of the supergiant.
7 We define the crossing time as tcross := racc/v∞, so that the spatial
computational domain is covered in ∼ 10tcross.
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FIG. 2.— Initial distributions of the rest-mass density and the velocity field streamlines in the common envelope projected on the x − y plane for models
RCE.0.0.5o3, RCE.0.5.5o3 and RCE.1.0.5o3 with adiabatic index Γ = 5/3 and for the dimensionless density gradients ρ = 0.0, 0.5, and 1.0,
respectively. In the left panel we overplot some of the grid lines (1/40 and 1/8 in the radial and azimuthal direction, respectively) used in the numerical
simulations. All axes have units of km, with the exception of the vertical right vertical axis, which is expressed in terms of radius of the star and of the accretion
radius racc. Note that the black hole is located at the center of the numerical domain (shown with a black circle), which covers only a small fraction of the star
radius 20 racc ∼ 4.3× 10−6Rstar.
The motion of the matter is best followed through the
streamlines of fluid elements and shown in the left column
of Figs. 3 and 4. When contrasting the top and bottom rows,
it is possible to appreciate that while the fluid elements always
move in the positive x-direction in the case of a medium that
is uniform or with a small density gradient (top and middle
row), they can also move in the negative x-direction in the
case of a large density gradient (bottom row). However, in
contrast with what was reported in the Newtonian simulations
of MacLeod et al. (2017), no significant vorticity is found in
these regimes; while a vortical motion may well be produced
at even larger density gradients, the stronger general relativis-
tic gravitational fields prevent their formation here.
The development of the shock cone heats up the fluid, lead-
ing to a temperature increase that is about one order of magni-
tude larger than in the rest of the envelope, with a fluid that is
overall two orders of magnitude hotter than in the initial state
(see central columns in Figs. 3 and 4). As is well known in the
phenomenology of Bondi–Hoyle–Lyttleton accretion across
a uniform medium, a stagnation point develops in the shock
cone, with some of the material into the shock cone accreting
subsonically onto a black hole (i.e., M ∼ 10−1). These re-
gions are shown in blue in the right columns of Figs. 3 and 4,
which refer to the Mach number. Interestingly, the dragging
of the shock cone also leads to the formation of a stagnating
subsonic flow in the presence of a density gradient, which be-
comes increasingly severe as the gradient is increased (middle
and bottom rows). In this case, large variations in the Mach
number are produced, with variations of almost two orders of
magnitude.
When changing the adiabatic index, that is, when consider-
ing the same setups but for an ideal-fluid equation of state with
Γ = 5/3, and hence considering a different compressibility of
the gas in the common envelope, no major qualitative differ-
ences appear in the overall properties of the flow, although
quantitative differences do emerge and will be measured in
the following sections. Besides slightly larger temperatures
(of about a factor of two), the most significant difference that
emerges in simulations with Γ = 5/3 is the clear appearance
of a bow shock in the upstream region of the flow and that fol-
lows the rotations of the shock cone as the density gradient is
increased (see Fig. 5). Before concluding this section on the
overall dynamics of the flow, we should note that in our simu-
lations the bow shock appears only for Γ = 5/3, unlike in the
Newtonian case (MacLeod & Ramirez-Ruiz 2015a; MacLeod
et al. 2017), where it is present also for Γ = 4/3.
3.2. Mass accretion and drag rates
Besides a general understanding of the dynamics of the
plasma as it interacts with the black hole – which has an inter-
est of its own – our simulations are meant to also measure the
typical rates of accretion of mass and momentum, since the
latter have important implications on the quantitative descrip-
tion of the common-envelope evolution. In the case of spher-
ical accretion onto a black hole and an ideal-fluid equation of
state, analytic expressions can be obtained for the accretion
rates of mass and momentum (Petrich et al. 1989; Rezzolla &
Zanotti 2013)
M˙ref = 4piλρ∞M1/2r3/2acc , (21)
P˙ref = M˙ref
v∞√
1− v2∞
, (22)
where
λ :=
(
1
2
)(Γ+1)/(2(Γ−1))(
5− 3Γ
4
)−(5−3Γ)/(2(Γ−1))
'
{
0.71 (Γ = 4/3)
0.25 (Γ = 5/3) . (23)
Equations (21) and (22) will be used hereafter as a refer-
ence values to express the numerically computed mass accre-
tion and drag rates (also referred to as “momentum accretion
rates”), which we compute as (Petrich et al. 1989)
M˙ =
∫ 2pi
0
α
√
γD(vr − βr/α)dφ , (24)
P˙ i=−
∫
∂V
α
√
γT ijdΣj +
∫
V
α
√
γSidV . (25)
where i = r, φ, and the inward fluxes are measured at the
event horizon.
In Fig. 6 we report the mass accretion rates as a function
of time for the various models considered. Note that all mod-
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FIG. 3.— Snapshots of the rest-mass density, temperature, and Mach number at the end of our numerical simulations t ∼ 5000M ∼ 0.1 s for models
RCE.0.0.4o3, RCE.0.5.4o3 and RCE.1.0.4o3. From top to bottom, we show the morphology of the accreting matter envelope for dimensionless
density gradients of ρ=0, 0.5, and 1.0. In all panels, the adiabatic index is set to Γ = 4/3.
els reach a stationary accretion state after about 20 crossing
times, and we use such asymptotic values to construct the
data shown in Fig. 7, which provides a summary of the mass
accretion for all of the cases considered in terms of the di-
mensionless density gradient ρ and equation of state; also re-
ported for comparison are the values presented by MacLeod
& Ramirez-Ruiz (2015a) for their simulations in Newtonian
gravity. Note that for configurations with a zero density gra-
dient (ρ = 0), we reproduce the expected super-Eddington
accretion rate (M˙ ∼ 10−8) for Bondi–Hoyle–Lyttleton accre-
tion obtained also in previous simulations (Zanotti et al. 2010,
2011; Lora-Clavijo et al. 2015b); furthermore, these values
have been cross-checked also with a different general rela-
tivistic MHD code (see discussion in Appendix B). Figure 8
reports a very similar behavior also for the rates of accretion
of radial momentum (left panel) and of angular momentum
(right panel).
Figure 7 also shows that, for non-negligible density gra-
dients, i.e., ρ & 0.3, both the mass accretion rate and the
drag rate grow exponentially with the density gradient and can
therefore be well approximated with functions of the type
log
(
M˙
M˙ref
)
=µ1 + µ2/(1 + µ3ρ + µ4
2
ρ) , (26)
log
(
P˙φ
P˙ref
)
=℘1 + ℘2ρ + ℘3
2
ρ , (27)
where the values of the fitting coefficients µi and ℘i are re-
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FIG. 4.— Close-up view of the various panels of Fig. 3 to highlight the dynamics near the accreting black hole.
ported in the Table 2 for the two adiabatic indices Γ = 5/3
and Γ = 4/3. Using expressions (26) and (27) it is possible
to obtain mass accretion rates also when considering different
initial conditions as long as they are not very different from
those considered here (see also the discussion in Appendix
A.2)8. For example, given
(
M˙/M˙ref
)
old
as expressed by
Equation (26), if one wishes to calculate a new mass accretion
8 Using the scaling relations (26) and (27) in very different regimes,
e.g., for initial velocities of the order of 102 − 103 km/s is of course possi-
ble, but this basically amounts to an extrapolation. As discussed in Appendix
A.2, we have verified that the scaling relations work very well when reducing
v∞ by a factor of two, reproducing accurately the results of Zanotti et al.
(2011); we expect this to be true also for much smaller values. A more sys-
tematic analysis of the dependence of the accretion rate onM∞ will be part
of our future work.
rate (M˙)new using a different initial velocity or rest-mass den-
sity, it is sufficient to take into account the changes introduced
by the new accretion radius in the reference mass accretion
rate (M˙ref)new so that (M˙)new = (M˙ref)new
(
M˙/M˙ref
)
old
.
When comparing the results of the mass accretion rates in
the top panel of Fig. 7 and 8 with the corresponding nonrel-
ativistic values in Newtonian gravity (MacLeod & Ramirez-
Ruiz 2015a), the most striking difference is in the dependence
from the density gradient. While, in fact, the two accretion
rates are comparable for small gradients, the relativistic ones
grow with ρ, the opposite is true in the non-relativistic case.
It is presently difficult to ascertain the origin of this differ-
ence, but it may ultimately be associated with the stronger
gravitational fields that the fluid experiences in our simula-
tions. Indeed, a mass accretion rate that increases with the
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FIG. 5.— Same as in Fig. 3, but for models RCE0.0.5o3, RCE.0.5.5o3, and RCE.1.0.5o3. In all panels, the adiabatic index is set to Γ = 5/3.
density contrast is rather natural to expect since the local rest-
mass density near the black hole will be intrinsically large.
On the other hand, this behavior is not found in a Newtonian
regime because of the appearance there of disk-like structures
with nonzero angular momentum that suppress the infall of
the matter toward the black hole. As mentioned above, no
such vortical motions emerge in our simulations.
Very similar considerations apply also when comparing the
relativistic and Newtonian drag rates (bottom panel of Fig. 7).
Also in this case, in fact, the relativistic drag rates – which are
ultimately responsible for the loss of orbital angular momen-
tum in the binary system and thus to the decrease in the orbital
period (Taam & Ricker 2010) – increase with the density gra-
dient (as one would naturally expect), while they decrease in
the Newtonian case. Once again, this different behavior may
be due to the different role played by the gravitational forces.
On the other hand, it may also be due to the different bound-
ary conditions, which in our case are imposed inside the event
horizon by using the ingoing Eddington–Finkelstein coordi-
nates and are those of a purely infalling gas. A more involved
description is instead adopted in the Newtonian calculations
of MacLeod & Ramirez-Ruiz (2015a), where spherical ab-
sorbing boundary conditions are applied to a “sink” surround-
ing the central point mass, whose gravitational potential of the
point mass is smoothed within this sink.
3.3. Drag forces, drag angle, and emitted radiation
Drag forces experimented by the black hole as it moves in
the envelope of the red supergiant star are responsible for its
deceleration. Estimating these forces in a fully general rela-
tivistic context is of course possible, but it is also less transpar-
ent than in a simpler Newtonian description. In view of this,
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TABLE 2
FITTING COEFFICIENTS FOR THE MASS ACCRETION RATE AND THE
DRAG RATE GIVEN BY EQS. (26) AND (27), RESPECTIVELY.
Γ µ1 µ2 µ3 µ4 ℘1 ℘2 ℘3
4/3 −0.29 1.39 −1.52 0.70 0.13 7.06 0.72
5/3 0.18 1.24 −1.54 0.72 0.51 6.69 1.16
and in order to make the comparison with previous Newtonian
estimates simpler, we will hereafter adopt a hybrid frame-
work in which we use the simpler Newtonian expressions for
the drag forces but evaluate the mass and momentum fluxes
needed for these expressions within in a full general relativis-
tic prescription. Hence, we write the total drag force in the
ith direction as
F i = F idrag + F
i
dyn , (28)
where the first contribution is due to the accretion of the linear
momentum and we compute it as
F idrag =
1
Σ
∫
α
√
γ
(
P˙ · x)idΣ , (29)
where Σ is a spherical surface at a given distance from the
black hole, ex is the unit vector in the direction of motion
of the black hole (the negative x-direction in our setup), and
P˙ i is computed using Eq. (25). The second contribution is
instead due to dynamical friction arising from the interaction
of the black hole with the matter of the common envelope
(Ostriker 1999; Barausse 2007; Barausse & Rezzolla 2008).
Starting from the Newtonian approximation to the infinites-
imal dynamical friction force dFdyn produced by fluid ele-
ment of density ρ in a volume dV , i.e., dFdyn = MρdV r/r2
(see Equation (26) of MacLeod et al. (2017)), we express the
relativistic dynamical friction as
F idyn = M
∫
α
√
γD
(er · ex
r2
)i
d3V , (30)
where the volume integral in Eq. (30) is computed from the
event horizon up to a given radius where the rate is extracted
(see Fig. 9), and er is the unit vector in the radial direction.
In Fig. 9 we show the evolution of the total drag force (28)
as the simulation progresses and when measured at detectors
placed at different spherical radii normalized to the accretion
radius. The top panel shows the total drag force for a dimen-
sionless density gradient ρ = 0.5, while the bottom panel is
for ρ = 1.0; both panels refer to Γ = 4/3. The time is scaled
by the crossing time, and to help in the comparison with the
Newtonian results in Murguia-Berthier et al. (2017), we nor-
malize with respect to the reference relativistic drag rate given
by Equation (22).
In analogy with the Newtonian results, Fig. 9 shows that the
drag increases when measured at increasingly large radii and
that it changes sign, becoming positive when measured out-
side a surface of radius r ∼ 0.28racc. Note the very smooth
behavior of the drag as a function of time, which is in contrast
with the stochastic behavior seen in the Newtonian simula-
tions of MacLeod et al. (2017), and may be due to the turbu-
lent nature of the flow near the sink.
Figure 10 summarizes the results for the total drag force
– once it has reached a steady-state value – and reported as
a function of the detector position (for r > 0.28 racc), as
well as for the various density gradients and adiabatic indices
(left and right panels for Γ = 4/3 and Γ = 5/3, respec-
tively). Note that the total drag force increases monotonically
for r
EH
< r < racc (changing sign at ∼ 0.28 racc) and that
these increases are larger for more severe density gradients in
the stellar envelope.
The simple dependence of the total drag force from the den-
sity gradient allows us to describe all of the simulation data in
terms of a simple phenomenological expression,
F x(r, ρ) = P˙ref
(
ω1(r) + ω2(r)ρ + ω2(r)
2
ρ
)
, (31)
where P˙ref is the reference linear momentum rate given in
Eq. (22) and the coefficients ωi(r) are reported in Table 3 for
r = r
EH
and r = racc. Note that although the Newtonian
total drag force has the same functional dependence as in ex-
pression (31), the values of the coefficients are rather different
(MacLeod & Ramirez-Ruiz 2015a).
The left panel of the Fig.11 reports the function F x at the
event horizon as function of the density gradient and for the
two adiabatic indices, with the dotted lines referring to the
analytic expression (31).
As mentioned in Sec. 3.1 and as shown in the schematic
diagram shown in Figure 1, the presence of a density gradient
leads to a deviation of the axis of the shock cone away from
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FIG. 9.— Total drag force along the x-direction (see Equation (28)) pro-
duced by the combination of the accretion of linear momentum and that of the
dynamical friction. The different lines refer to the different spherical surfaces
where the fluxes are computed (expressed in terms of the accretion radius),
while the top and bottom panels refer to dimensionless density gradients of
ρ = 0.5 and ρ = 1.0, respectively.
TABLE 3
DIMENSIONLESS UNITS COEFFICIENTS ωi TOTAL FORCE IN THE
x-DIRECTION, DIRECTION OF THE BLACK HOLE’S MOTION GIVEN BY
EQUATION (31) MEASURED AT EVENT HORIZON AND AT THE
ACCRETION RADIUS racc .
Γ ω1 ω2 ω3 `1 `2 `3
r ∼ rEH
4/3 0.54 5.79 1.02 0.542 −0.798 0.377
5/3 0.83 5.46 1.36 0.553 −0.819 0.387
r ∼ racc
4/3 2.44 8.39 0.15 − − −
5/3 2.69 9.62 −1.14 − − −
asymptotic direction of motion of the fluid. Furthermore, the
angle measuring this deviation increases nonlinearly with the
density gradient, becoming even larger than pi/2 for ρ = 1.
Measuring this angle is important, as it can be used to quan-
tify the deviation of the black hole’s orbit away from a quasi-
circular orbit.
Using the data in our simulations once the matter flow has
reached a stationary configuration, we can measure this drag
angle φdrag and we have reported the corresponding values
as a function of ρ in the middle panel of Fig. 11. The sim-
ple functional behavior allows us to express the results of the
numerical simulations in terms of the simple fitting function
(shown as a dotted line in the middle panel of Fig. 11)
φdrag = Q 5/8ρ , (32)
where the constantQ = 2.761 for all models considered here.
Interestingly, expression (32) appears “universal” in the sense
that it depends only very weakly on the adiabatic index of the
envelope.
We conclude this Section by considering what could be
the radiative signatures of the accretion processes considered
here. While we do not have the ambition of performing ac-
curate general relativistic, radiative transfer calculations as
those performed by (Zanotti et al. 2011; Roedig et al. 2012) or
(Fragile et al. 2014), it is useful to provide here a rough esti-
mate of the luminosity produced considering bremsstrahlung
processes from electron–proton collisions (Rybicki & Light-
man 1986; Zanotti et al. 2010)
LBR = 3.0× 1078
∫ (
T
1
2 ρ2
√
γdV
)(M
M
)
erg
s
, (33)
which can be readily computed in terms of the quantities
evolved in the simulations.
The right panel of Fig. 11 summarizes the results of the
simulations as a function of the density gradient and shows
that – as expected – the bremsstrahlung luminosity grows with
the density gradient and almost exponentially for large gradi-
ents. The simple functional behavior of LBR , which is also
essentially independent of the adiabatic index, allows for a
simple fitting expression of the type
log
(
L
BR
L
)
=
1
`1 + `2ρ + `32ρ
, (34)
where the values of `i can be found in Table 3 and the analytic
behavior is shown as a dotted line in the right panel of Fig. 11.
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FIG. 10.— Total drag forces as measured at different spherical surfaces expressed in terms of the accretion radius (see Equation (28)) and computed after the
evolution has reached a stationary state, i.e., for t > 20tcross. The left and right panels refer to Γ = 4/3 and Γ = 5/3, respectively.
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FIG. 11.— Left panel: Drag force as a function of the dimensionless density gradient. All positive forces measured at accretion radius racc are plotted with
corresponding fit function given in Eq. ( 31 ). Middle panel: Drag angle between x-axis and the shock-cone axis as produced by the density gradients in the
envelope. This angle is related to the deviation of the trajectories of the black hole, modifying the orbit of the binary system. Right panel: bremsstrahlung
luminosity from interaction of the black hole with a supergiant-star envelope expressed both in erg s−1 and in terms of the Eddington luminosity LEdd.
4. CONCLUSIONS
Using general relativistic simulations, we have carried out
a systematic investigation of the properties of the accretion
flow onto a nonrotating black hole moving supersonically in
a medium with regular but different density gradients. This
scenario has been here considered with the goal of provid-
ing more accurate and realistic estimates of the secular be-
havior of the mass accretion and drag rates in the “common-
envelope” scenario encountered when a compact object – a
black hole or a neutron star – moves in the stellar envelope of
a red supergiant star.
The simulations reveal that the supersonic motion always
rapidly reaches a stationary state and it produces a shock cone
in the downstream part of the flow. At the same time, the grad-
ual change in the density gradient leads to a smooth change
general behavior of the flow and in all of the relevant accre-
tion rates. In particular, in the absence of density gradients
(i.e., ρ = 0), we recover the phenomenology already ob-
served in the well-known Bondi–Hoyle–Lyttleton accretion
problem, with a shock cone and whose axis is stably aligned
with the direction of motion (Font et al. 1999; Dönmez et al.
2011; Cruz-Osorio et al. 2012). However, as the density gra-
dient is increased and the black hole encounters a nonuniform
medium, the system reaches a steady state where the flow and
its discontinuities have found a new equilibrium. When such
a state is found – which requires longer times for large density
gradients – the shock cone is progressively and stably dragged
toward the direction of motion. With sufficiently large gradi-
ents, the shock-cone axis can become orthogonal to the di-
rection, or even move in the upstream region of the flow in
the case of the largest density gradient (i.e., ρ = 1). In all
cases considered – which refer to fluids with adiabatic index
set to Γ = 4/3 or 5/3 – the shock cone heats up the fluid,
increasing the temperature by about one order of magnitude
with respect to the rest of the envelope, and of almost two
orders of magnitude hotter than in the initial state. The fluid
is also compressed by the shock, reaching rest-mass densities
that are about two orders of magnitude larger than in the un-
perturbed fluid.
Together with the phenomenological aspects of the accre-
tion flow, we have also investigated and quantified the rates of
accretion of mass and momentum onto the black hole, which
are particularly important because they ultimately play a lead-
ing role in the secular evolution and modeling of the common-
envelope scenario. More specifically, and as may have been
expected, the rates of accretion of mass and momentum (ei-
ther radial or angular) increase with the density gradient. Fur-
thermore, this increase becomes essentially exponential as
soon as the dimensionless density gradient is ρ & 0.2, thus
allowing us to derive simple phenomenological expressions
for the mass accretion rate and the momentum accretion rate.
Equally simple analytic expressions have been found for the
total drag force – which is a combination of the drag due to
due the accretion of linear momentum and of the drag due
to dynamical friction – of the drag angle of the shock cone
and of the bremsstrahlung luminosity that has been estimated.
All of these expressions can be readily employed in the as-
trophysical modeling of the long-term evolution of a binary
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system experiencing a common-envelope evolution. Further-
more, since the mass accretion rates measured in nonuniform
media are well above the Eddington limit, this increases the
chances of observing this process also in binary systems of
stellar-mass black holes (Caputo et al. 2020).
Finally, we have carried out a systematic comparison with
previous Newtonian results, finding that while the general
relativistic phenomenology and rates are comparable in the
case of the Bondi–Hoyle–Lyttleton scenario (i.e., for ρ = 0),
significant differences develop for nonzero density gradients.
More specifically, while in a general relativistic context the
rates increase with the density gradient, the opposite is true for
calculations performed in a Newtonian framework (MacLeod
& Ramirez-Ruiz 2015a). The robustness of the increase of
the rates with ρ within a relativistic framework has been val-
idated by performing the same simulations with an indepen-
dent general relativistic MHD code, obtaining results that dif-
fer by less than 5%.
This different behavior may be due to the different relative
strength of gravitational forces in the two contexts, but it may
also be due to the different boundary conditions, which we im-
pose inside the event horizon by using the ingoing Eddington–
Finkelstein coordinates and are those of a purely infalling gas.
On the other hand, the Newtonian framework requires the in-
troduction of a “sink” surrounding the central point mass and
whose gravitational potential is smoothed within this sink.
The different physical conditions near the black hole (or sink
in the Newtonian framework) may also be responsible for the
lack of a turbulent flow and vorticity in our simulations, which
instead appear in the Newtonian simulations.
The results presented here can be improved in a number of
ways. First, we can consider more realistic black holes with
nonzero spin; while the spin of black holes in such binary sys-
tem is currently unknown, determining the dependence of the
accretion rates on the black hole spin is of great importance.
Second, we can include the contribution of a radiation field –
which is expected to decrease but not suppress the mass accre-
tion rate9 (Zanotti et al. 2011) – by solving, together with the
relativistic hydrodynamic equations, also those of relativistic
radiative transfer. Finally, we can account for the presence of
magnetic fields, which may alter the dynamics of the flow and
hence the various accretion rates. We plan to address these ad-
ditional aspects of the general relativistic common-envelope
problem in future works.
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APPENDIX
A. ADDITIONAL ASTROPHYSICAL CONSIDERATIONS
A.1. Inspiral timescales and different initial data
Following MacLeod & Ramirez-Ruiz (2015b), in this appendix we estimate the inspiral timescale as a function of the density
gradients ρ and of the accretion rates measured in our simulations. In particular, we define the inspiral timescale as (MacLeod
& Ramirez-Ruiz 2015b)
τinsp :=
Eorb
E˙acc
, (A1)
where Eorb is the orbital energy that, for a binary system of masses M and Mstar, and separation a, is given by (for clarity, we
restore the use of the gravitational constant and of the speed of light)
Eorb :=
MMstar
2a
. (A2)
On the other hand, E˙acc is the rate of dissipation of the kinetic energy via accretion, which we express in terms of the measured
accretion rates and asymptotic velocity as
E˙acc = M˙v
2
∞ , (A3)
where the accretion rates are those reported in Fig. 6.
To fix numbers, we evaluate the inspiral timescale after setting Mstar = 16M and M = 4M and, as in the rest of the paper,
v∞ = 0.2 c. The results are shown in Fig. 12, which reports the inspiral timescale for an initial separation of a = Rstar, i.e., when
the black hole is just on the outer parts of the common envelope, thus representing the upper limit for the timescale. Under these
conditions, and using the accretion rates reported in Fig. 6, we found that the τinsp ∼ 100 (200)yr for Γ = 4/3 (5/3) and for
motion in a uniform medium (ρ = 0). Such timescale decreases by about two orders of magnitude when the considering larger
gradients in density. In the extreme case of ρ = 1, the inspiral timescale is as short as ∼ 0.4 (0.8) yr.
9 The flow conditions in Zanotti et al. (2011) are somewhat milder than
those considered here, i.e., v∞ = 0.1, cs,∞ = 0.07,M∞ = 1.4, yet
radiation pressure was not sufficient to quench accretion. This leads to our
expectation that this may happen also for the flow conditions considered here,
i.e., v∞ = 0.2, cs,∞ = 0.1,M∞ = 2.0. However, proper self-consistent
simulations are needed to assess whether this expectation is correct.
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FIG. 12.— Inspiral timescale (see Equation (A1)) as function of the dimensionless density gradients ρ and the two equations of state considered. The initial
separation is assumed to be a = Rstar and the mass accretion rates are those reported in Fig. 6.
A.2. Impact of the initial data
It is clear that the precise values of the accretion rates ultimately depend on the initial conditions considered, since at the
end what matters in determining the mass accretion rate is the size of the mass current near the black hole horizon. In order to
investigate a different set of initial conditions, we have carried out simulations employing the initial conditions used in Zanotti
et al. (2011), i.e., v∞ = 0.1 and cs,∞ = 0.07, thus yielding a Newtonian Mach numberM∞ ' 1.4. Such a configuration should
be contrasted with the reference configuration discussed in the main text, for which v∞ = 0.2, cs,∞ = 0.1, and thusM∞ = 2.0.
In essence, the initial conditions in Zanotti et al. (2011) refer to slower and more tenuous fluid, but also to a flow with a larger
accretion radius, i.e., racc ' 67M instead of racc ' 20M . As a result, the computational domain – whose radial extent is set to
be rmax = 10 racc – needs to be increased by almost of a factor of three, with a consequent increase in the computational costs.
The results of this investigation for five different values of the dimensionless density gradient are reported in Fig. 13, which
is very similar to Fig. 7, but where we also show the accretion rate when considering the initial flow discussed in Zanotti et al.
(2011) (purple line) for an adiabatic index Γ = 5/3. Note that despite that fluid is in this case less dense and with a smaller
initial velocity, the accretion rate is actually larger because the fluid can be compressed more and this leads to an increase in the
mass current near the black hole. While these results highlight that the mass accretion rates also depend on the initial conditions
considered, it is useful to note that the reference fluid conditions adopted in the main text (i.e., M∞ = 2.0) provide mass
accretion rates smaller than those that would be obtained if a more tenuous gas in the stellar envelope were considered. In turn,
because smaller values of M∞ yield smaller accretion rates, it will be easier to reduce them when switching on the coupling
with a radiation fluid as done in Zanotti et al. (2011). A more systematic analysis of the dependence of M˙ on ρ∞ andM∞ will
be part of our future work.
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FIG. 13.— Same as Fig. 7 but also showing the accretion rate when considering the initial flow discussed in Zanotti et al. (2010) (purple line). Note that despite
that fluid is in this case less dense and with a smaller initial velocity, the accretion rate is actually larger because the fluid can be compressed more and this leads
to an increase in the mass current near the black hole.
B. ADDITIONAL NUMERICAL DETAILS
B.1. Convergence test
The numerical results presented in this work are solving consistently the accretion radius by 200 cell grids (see Tab. 1), however,
in this appendix we also show the convergence test for the model RCE.1.0.5o3 that corresponds to the higher density gradient
studied here. For this test, three simulations have been performed using resolutions of 1000× 128, 2000× 256 (which is also the
resolution used for all of the results presented so far) and 4000 × 512 zones in a uniform grid. Hereafter, we will refer to these
resolutions as the low (L), medium (M), and high (H) resolutions.
In particular, we show in the left panel of Fig. 14 the mass accretion rates at different resolutions (top) and the relative
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differences (bottom) for model RCE.1.0.5o3. Note that the when the flow reaches a steady state, i.e., after ∼ 20 crossing
times, the relative differences are less than 0.1%, between both the H/M resolutions and the M/L resolutions. These small
differences clearly indicate that the asymptotic rates computed with the M resolution are robust and accurate. The right panel
of Fig. 14, on the other hand, reports the differences in the L1 and L2 norms of the rest-mass density at different resolutions,
e.g., L1,L − L1,M , as a function of time. Note that the differences that the differences in the L1,2 norms are of the order of
∼ 10−8 and ∼ 5× 10−8, respectively. Furthermore, using these norms, it is possible to validate that the code is in a convergence
regime with convergence order between 1.2 and 2.0 (not shown in Fig. 14).
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FIG. 14.— Left panel: mass accretion rates at the L, M, and H resolutions (top) and the relative differences (bottom) for model RCE.1.0.5o3. The differences
between the high resolution and medium (our simulation) are less than 0.1% when the gas reaches to the steady state, as well as when comparing the low and
medium resolutions. Right panel: differences in the L1 and L2 norms of the rest-mass density at the three different resolutions.
B.2. Comparison between BHAC and CAFE
As mentioned in the main text, the numerical results reported in this paper have been produced making use of the CAFE code
(Lora-Clavijo et al. 2015a). At the same time, and for the purpose of validating the accuracy of the results – some of which
are considerably different from the Newtonian ones – about half of the simulations have also been reproduced by a more recent
and advanced numerical code solving the equations of general relativistic MHD: BHAC (Porth et al. 2017). More specifically, all
models with adiabatic index Γ = 5/3 have been simulated by both codes for the six values of the density gradient parameter (see
Table 1) after using the same numerical methods, grid resolution, and computation domain as described in Section 2.2.
The results of a comparison between the two codes are shown in Fig. 15 for what is arguably the most important quantity
among the ones measured: the value of the stationary mass accretion rate as a function of the density parameter. This is shown
in Fig. 15, where we show the mass accretion rate in solar masses per year as computed by CAFE (blue line) or by BHAC (red
line) for models RCE.0.0.5o3− RCE.1.0.5o3. In both cases the mass accretion rate is measured at the event horizon and
when a stationary regime in the accretion has been reached, i.e., at t ∼ 5000M . Despite the numerous differences between the
two codes, the rates computed are very similar, with differences that are below 5%. More importantly, both codes show that the
mass accretion rate increases with the density gradient (see Equation (27)), confirming that this is the correct behavior and that
the decrease measured in Newtonian calculations is due either to the different strength of the gravitational field or to the different
boundary conditions applied at the surface of the compact object.
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FIG. 15.— mass accretion rate as a function of the density gradient when computed by CAFE (blue line) or by BHAC (red line) for models RCE.0.0.5o3−
RCE.1.0.5o3. In both cases, the mass accretion rate is measured at the event horizon and when a stationary regime in the accretion has been reached, i.e., at
t ∼ 5000M . The relative differences between the two codes are below 5% and both codes report an increase of the mass accretion rate with the density gradient.
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